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a b s t r a c t
In this paper, we study the existence and exponential convergence of positive almost
periodic solutions for the generalized Nicholson’s blowflies model with multiple time-
varying delays. Under proper conditions, we establish some criteria to ensure that the
solutions of this model converge locally exponentially to a positive almost periodic
solution. Moreover, we give some examples to illustrate our main results.
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1. Introduction
The variation of the environment plays an important role inmanybiological and ecological dynamical systems. As pointed
out in [1,2], periodically varying environment and almost periodically varying environment are foundations for the theory of
nature selection. Compared with periodic effects, almost periodic effects are more frequent. Hence, the effects of the almost
periodic environment on the evolutionary theory have been the object of intensive analysis by numerous authors and some
of these results can be found in [3–6].
In a classic study of population dynamics, Nicholson [7] and Gurney et al. [8] proposed the following delay differential
equation model
x′(t) = −δx(t)+ Px(t − τ)e−ax(t−τ), (1.1)
where x(t) is the size of the population at time t , P is the maximum per capita daily egg production, 1a is the size at which
the population reproduces at its maximum rate, δ is the per capita daily adult death rate, and τ is the generation time.
As a class of biological systems, Nicholson’s blowflies model and its analogous equation have attracted much attention.
In particular, the existence of positive solutions, persistence, permanence, oscillation and stability of Nicholson’s blowflies
model have been studied extensively. We refer the reader to [9–13] and the references cited therein. However, there exist
few results on the existence and exponential stability of the positive almost periodic solutions of Nicholson’s blowflies
model. As is well known, only positive solutions are meaningful in the realistic biological models. On the other hand, in the
real world, the delays in differential equations of population and ecology problems are usually time-varying. Moreover, it is
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known that the existence and stability of positive almost periodic solutions play a key role in characterizing the behavior of
a dynamical system (see [14–17]). Thus, it is worthwhile continuing to investigate the existence and convergence of positive
almost periodic solutions of Nicholson’s blowflies model with time-varying delays.
In this paper we consider the following Nicholson’s blowflies model with multiple time-varying delays:
x′(t) = −α(t)x(t)+
m−
j=1
βj(t)x(t − τj(t))e−γj(t)x(t−τj(t)), (1.2)
where t ∈ R, α, βj, γj, τj : R −→ (0,+∞) are almost periodic functions, and j = 1, 2, . . . ,m. For convenience,we introduce
some notations. Throughout this paper, given a bounded continuous function g defined on R, let g+ and g− be defined as
g− = inf
t∈R g(t), g
+ = sup
t∈R
g(t).
It will be assumed that
α− > 0, β−j > 0, γ
−
j ≥ 1, j = 1, 2, . . . ,m, (1.3)
and
r = max
1≤j≤m
{τ+j } = max1≤j≤m{supt∈R τj(t)} > 0. (1.4)
Let C = C([−r, 0], R) be the continuous function space equipped with the usual supremum norm ‖ · ‖, and let C+ =
C([−r, 0], R+) and R+ = [0,+∞). If x(t) is continuous and defined on [−r + t0, σ )with t0, σ ∈ R, then, for t ∈ [t0, σ ), we
define xt ∈ C where xt(θ) = x(t + θ) for all θ ∈ [−r, 0].
Due to the biological interpretation of model (1.2), only positive solutions are meaningful and therefore admissible. Thus
we just consider admissible initial conditions
xt0 = ϕ, ϕ ∈ C+ and ϕ(0) > 0. (1.5)
We write xt(t0, ϕ)(x(t; t0, ϕ)) for an admissible solution of the admissible initial value problem (1.2) and (1.5) with
xt0(t0, ϕ) = ϕ ∈ C+ and t0 ∈ R. Also, let [t0, η(ϕ)) be the maximal right-interval of existence of xt(t0, ϕ).
The remaining part of this paper is organized as follows. In Section 2, we shall give some notations and preliminary
results. In Section 3, we shall derive new sufficient conditions for checking the existence, uniqueness and local exponential
convergence of the positive almost periodic solution of (1.2). In Section 4, we shall give some examples and remarks to
illustrate our results obtained in the previous sections.
2. Preliminary results
In this section, some lemmas and definitions will be presented, which are of importance in proving our main results in
Section 3.
Definition 2.1 (See [1,2]). Let u(t) : R −→ Rn be continuous in t . u(t) is said to be almost periodic on R if, for any ε > 0,
the set T (u, ε) = {δ : |u(t + δ) − u(t)| < ε for all t ∈ R} is relatively dense, i.e., for any ε > 0, it is possible to find a real
number l = l(ε) > 0, such that for any interval with length l(ε), there exists a number δ = δ(ε) in this interval such that
|u(t + δ)− u(t)| < ε, for all t ∈ R.
Definition 2.2 (See [1,2]). Let x ∈ Rn and Q (t) be a n× n continuous matrix defined on R. The linear system
x′(t) = Q (t)x(t) (2.1)
is said to admit an exponential dichotomy on R if there exist positive constants k, α, projection P and the fundamental
solution matrix X(t) of (2.1) satisfying
‖X(t)PX−1(s)‖ ≤ ke−α(t−s) for t ≥ s,
‖X(t)(I − P)X−1(s)‖ ≤ ke−α(s−t) for t ≤ s.
Set
B = {ϕ|ϕ is an almost periodic function on R}.
For any ϕ ∈ B, if we define the induced modulus ‖ϕ‖B = supt∈R |ϕ(t)|, then B is a Banach space.
Lemma 2.1 (See [1,2]). If the linear system (2.1) admits an exponential dichotomy, then almost periodic system
x′(t) = Q (t)x+ g(t) (2.2)
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has a unique almost periodic solution x(t), and
x(t) =
∫ t
−∞
X(t)PX−1(s)g(s)ds−
∫ +∞
t
X(t)(I − P)X−1(s)g(s)ds. (2.3)
Lemma 2.2 (See [1,2]). Let ci(t) be an almost periodic function on R and
M[ci] = lim
T→+∞
1
T
∫ t+T
t
ci(s)ds > 0, i = 1, 2, . . . , n.
Then the linear system
x′(t) = diag(−c1(t),−c2(t), . . . ,−cn(t))x(t)
admits an exponential dichotomy on R.
Lemma 2.3. Every solution x(t; t0, ϕ) of (1.2) and (1.5) is positive and bounded on [t0, η(ϕ)), and η(ϕ) = +∞.
Proof. Since ϕ ∈ C+, using Theorem 5.2.1 in [18, p. 81], we have xt(t0, ϕ) ∈ C+ for all t ∈ [t0, η(ϕ)). Let x(t) = x(t; t0, ϕ).
In view of x(t0) = ϕ(0) > 0, integrating (1.2) from t0 to t , we have
x(t) = e−
 t
t0
α(u)dux(t0)+
m−
j=1
e−
 t
t0
α(u)du
∫ t
t0
e
 s
t0
α(v)dv
βj(s)x(s− τj(s))e−γj(s)x(s−τj(s))ds
> 0, for all t ∈ [t0, η(ϕ)). (2.4)
In view of the fact that supu≥0 ue−γj(t)u = 1γj(t)e , we get
x(t) = e−
 t
t0
α(u)dux(t0)+
m−
j=1
e−
 t
t0
α(u)du
∫ t
t0
e
 s
t0
α(v)dv
βj(s)x(s− τj(s))e−γj(s)x(s−τj(s))ds
≤ e−(t−t0)α−x(t0)+
m−
j=1
β+j
α−γ−j e
e−
 t
t0
α(u)du

e
 t
t0
α(u)du − 1

, for all t ∈ [t0, η(ϕ)). (2.5)
This implies that x(t) is bounded on [t0, η(ϕ)). From Theorem 2.3.1 in [19], we easily obtain η(ϕ) = +∞. This ends the
proof of Lemma 2.3. 
3. Main results
Theorem 3.1. Let
m−
j=1
β−j e
1−γ+j e
α+
> 1,
m−
j=1
β+j
α−
< e2 and
m−
j=1
β+j
α−γ−j
< e2. (3.1)
Then, there exists a unique positive almost periodic solution of Eq. (1.2) in the region B∗ = {ϕ|ϕ ∈ B, 1 ≤ ϕ(t) ≤ e, for all t ∈ R}.
Proof. For any φ ∈ B, we consider an auxiliary equation
x′(t) = −α(t)x(t)+
m−
j=1
βj(t)φ(t − τj(t))e−γj(t)φ(t−τj(t)). (3.2)
Notice thatM[α] > 0, it follows from Lemma 2.2 that the linear equation
x′(t) = −α(t)x(t), (3.3)
admits an exponential dichotomy on R. Thus, by Lemma 2.1, we obtain that the system (3.2) has exactly one almost periodic
solution:
xφ(t) =
∫ t
−∞
e−
 t
s α(u)du

m−
j=1
βj(s)φ(s− τj(s))e−γj(s)φ(s−τj(s))

ds. (3.4)
Define a mapping T : B −→ B by setting
T (φ(t)) = xφ(t), ∀φ ∈ B.
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Since B∗ = {ϕ|ϕ ∈ B, 1 ≤ ϕ(t) ≤ e, for all t ∈ R}, it is easy to see that B∗ is a closed subset of B. For any ϕ ∈ B∗, from
(3.4) and the fact that supu≥0 ue−γj(t)u = 1γj(t)e , we have
xφ(t) ≤
∫ t
−∞
e−
 t
s α(u)du

m−
j=1
1
γj(s)e
βj(s)

ds ≤
m−
j=1
β+j
α−γ−j e
≤ e (3.5)
for all t ∈ R.
In view of the fact that min1≤u≤κ ue−u = κe−κ , we have
xφ(t) =
∫ t
−∞
e−
 t
s α(u)du

m−
j=1
βj(s)
1
γ+j
γ+j φ(s− τj(s))e−γj(s)φ(s−τj(s))

ds
≥
∫ t
−∞
e−
 t
s α(u)du

m−
j=1
βj(s)
1
γ+j
γ+j φ(s− τj(s))e−γ
+
j φ(s−τj(s))

ds
≥
m−
j=1
β−j e
1−γ+j e
α+
≥ 1 for all t ∈ R. (3.6)
This implies that themapping T is a self-mapping from B∗ to B∗. Now, we prove that themapping T is a contractionmapping
on B∗. In fact, for ϕ,ψ ∈ B∗, we get
‖T (ϕ)− T (ψ)‖B = sup
t∈R
|T (ϕ)(t)− T (ψ)(t)|
= sup
t∈R

∫ t
−∞
e−
 t
s α(u)du
m−
j=1
βj(s)[ϕ(s− τj(s))e−γj(s)ϕ(s−τj(s)) − ψ(s− τj(s))e−γj(s)ψ(s−τj(s))]ds

= sup
t∈R

∫ t
−∞
e−
 t
s α(u)du
m−
j=1
βj(s)
γj(s)
[γj(s)ϕ(s− τj(s))e−γj(s)ϕ(s−τj(s))
− γj(s)ψ(s− τj(s))e−γj(s)ψ(s−τj(s))]ds
 . (3.7)
In view of (1.2), (1.3) and (3.4)–(3.7), from supu≥1 | 1−ueu | = 1e2 and the inequality
|xe−x − ye−y| =
1− (x+ θ(y− x))ex+θ(y−x)
 |x− y|
≤ 1
e2
|x− y| where x, y ∈ [1,+∞), 0 < θ < 1, (3.8)
we have
‖T (ϕ)− T (ψ)‖B ≤ sup
t∈R
∫ t
−∞
e−
 t
s α(u)du
m−
j=1
βj(s)
1
e2
|ϕ(s− τj(s))− ψ(s− τj(s))|ds
≤ ‖ϕ − ψ‖B sup
t∈R
∫ t
−∞
e−
 t
s α(u)du
m−
j=1
βj(s)
1
e2
ds
≤
m∑
j=1
β+j
α−
1
e2
‖ϕ − ψ‖B.
Noting that
∑m
j=1 β+j
α−
1
e2
< 1, it is clear that the mapping T is a contraction on B∗. Using Theorem 0.3.1 of [20], we obtain that
the mapping T possesses a unique fixed point ϕ∗ ∈ B∗, Tϕ∗ = ϕ∗. By (3.2), ϕ∗ satisfies (1.2). So ϕ∗ is an almost periodic
solution of (1.2) in B∗. The proof of Theorem 3.1 is now complete. 
Theorem 3.2. Let C0 = {ϕ|ϕ ∈ C, 1 < ϕ(t) < e, for all t ∈ [−r, 0]}, and x∗(t) be the positive almost periodic solution of
Eq. (1.2) in the region B∗. Suppose that (3.1) holds. Then, the solution x(t; t0, ϕ) of (1.2) with ϕ ∈ C0 converges exponentially to
x∗(t) as t →+∞.
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Proof. Set x(t) = x(t; t0, ϕ) and y(t) = x(t)− x∗(t), where t ∈ [t0 − r,+∞). Then
y′(t) = −α(t)y(t)+
m−
j=1
βj(t)[x(t − τj(t))e−γj(t)x(t−τj(t)) − x∗(t − τj(t))e−γj(t)x∗(t−τj(t))]. (3.9)
From Lemma 2.3, we obtain that x(t) is positive and bounded on [t0,+∞). We now claim that
0 < x(t) < e, for all t ≥ t0. (3.10)
Assume, by way of contradiction, that (3.10) does not hold. Then, there exists t1 > t0 such that
x(t1) = e and 0 < x(t) < e for all t ∈ [t0 − r, t1). (3.11)
Calculating the derivative of x(t), together with (3.1), (1.2) and (3.11) imply that
0 ≤ x′(t1)
= −α(t1)x(t1)+
m−
j=1
βj(t1)x(t1 − τj(t1))e−γj(t1)x(t1−τj(t1))
≤ −α−x(t1)+
m−
j=1
β+j
γ−j
1
e
= α−

−e+
m−
j=1
β+j
γ−j α−
1
e

< 0
which is a contradiction and implies that (3.10) holds.
We next show that
x(t) > 1, for all t ≥ t0. (3.12)
Assume, by way of contradiction, that (3.12) does not hold. Then, there exists t2 > t0 such that
x(t2) = 1 and x(t) > 1 for all t ∈ [t0 − r, t2). (3.13)
Calculating the derivative of x(t), together with (3.1), (1.2), (3.10) and (3.13) imply that
0 ≥ x′(t2)
= −α(t2)x(t2)+
m−
j=1
βj(t2)x(t2 − τj(t2))e−γj(t2)x(t2−τj(t2))
= −α(t2)x(t2)+
m−
j=1
βj(t2)
γ+
γ+x(t2 − τj(t2))e−γj(t2)x(t2−τj(t2))
≥ −α(t2)x(t2)+
m−
j=1
βj(t2)
γ+j
γ+j x(t2 − τj(t2))e−γ
+
j x(t2−τj(t2))
≥ −α+x(t2)+
m−
j=1
βj(t2)
γ+j
γ+j e
1−γ+j e
= α+

−1+
m−
j=1
β−j
α+
e1−γ
+
j e

> 0
which is a contradiction and implies that (3.12) holds.
It follows from (3.10) and (3.12) that
1 < x(t) < e for all t ∈ [t0 − r,+∞). (3.14)
Define a continuous function Γ (u) by setting
Γ (u) = −(α− − u)+
m−
j=1
β+j
1
e2
eur , u ∈ [0, 1]. (3.15)
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Then, we have
Γ (0) = −α− +
m−
j=1
β+j
1
e2
< 0,
which implies that there exist two constants η > 0 and λ ∈ (0, 1] such that
Γ (λ) = −(α− − λ)+
m−
j=1
β+j
1
e2
eλr < −η < 0. (3.16)
We consider the Lyapunov functional
V (t) = |y(t)|eλt . (3.17)
Calculating the upper right derivative of V (t) along the solution y(t) of (3.9), we have
D+(V (t)) ≤ −α(t)|y(t)|eλt +
m−
j=1
βj(t)|x(t − τj(t))e−γj(t)x(t−τj(t)) − x∗(t − τj(t))e−γj(t)x∗(t−τj(t))|eλt + λ|y(t)|eλt
=

(λ− α(t))|y(t)| +
m−
j=1
βj(t)|x(t − τj(t))e−γj(t)x(t−τj(t)) − x∗(t − τj(t))e−γj(t)x∗(t−τj(t))|

eλt ,
for all t > t0. (3.18)
We claim that
V (t) = |y(t)|eλt < eλt0( max
t∈[t0−r,t0]
|ϕ(t)− x∗(t)| + 1) := M for all t > t0. (3.19)
Contrarily, there must exist t∗ > t0 such that
V (t∗) = M and V (t) < M for all t ∈ [t0 − r, t∗), (3.20)
which implies that
V (t∗)−M = 0 and V (t)−M < 0 for all t ∈ [t0 − r, t∗). (3.21)
Since x(t) ≥ 1 and x∗(t) ≥ 1 for all t ≥ t0 − r . Together with (3.8), (3.18) and (3.21), we obtain
0 ≤ D+(V (t∗)−M)
= D+(V (t∗))
≤

(λ− α(t∗))|y(t∗)| +
m−
j=1
βj(t∗)|x(t∗ − τj(t∗))e−γj(t∗)x(t∗−τj(t∗)) − x∗(t∗ − τj(t∗))e−γj(t∗)x∗(t∗−τj(t∗))|

eλt∗
=

(λ− α(t∗))|y(t∗)| +
m−
j=1
βj(t∗)
γj(t∗)
|γj(t∗)x(t∗ − τj(t∗))e−γj(t∗)x(t∗−τj(t∗))
− γj(t∗)x∗(t∗ − τj(t∗))e−γj(t∗)x∗(t∗−τj(t∗))|

eλt∗
≤ (λ− α(t∗))|y(t∗)|eλt∗ +
m−
j=1
βj(t∗)
1
e2
|y(t∗ − τj(t∗))|eλ(t∗−τj(t∗))eλτj(t∗)
≤

(λ− α−)+
m−
j=1
β+j
1
e2
eλr

M. (3.22)
Thus,
0 ≤ (λ− α−)+
m−
j=1
β+j
1
e2
eλr ,
which contradicts with (3.16). Hence, (3.19) holds. It follows that
|y(t)| < Me−λt for all t > t0. (3.23)
This completes the proof. 
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4. Examples and remarks
In this section, we give some examples to demonstrate the results obtained in previous sections.
Example 4.1. Consider the Nicholson’s blowflies model with multiple time-varying delays:
x′(t) = −(18+ cos2 t)x(t)+ ee−1(10+ 0.01| sin√2t|)x(t − e2| sin t|)e−x(t−e2| sin t|)
+ ee−1(10+ 0.01| sin√5t|)x(t − e2| cos
√
3t|)e−x(t−e
2| cos√3t|). (4.1)
Obviously, α− = 18, α+ = 19, γ+i = γ−i = 1, β−i = 10ee−1, β+i = 10.01ee−1, r = max1≤j≤2{supt∈R τj(t)} = e2, i = 1, 2,
and
2−
j=1
β−j e
1−γ+j e
α+
= 20
19
> 1 and
2−
j=1
β+j
α−γ−j
=
2−
j=1
β+j
α−
= 20.01e
e−1
18
< e2. (4.2)
This implies that the Nicholson’s blowflies model (4.1) satisfies (1.3), (1.4) and (3.1). Hence, from Theorems 3.1 and 3.2,
Eq. (4.1) has a positive almost periodic solution
x∗(t) ∈ B∗ = {ϕ|ϕ ∈ B, 1 ≤ ϕ(t) ≤ e, for all t ∈ R}.
Moreover, if
ϕ ∈ C0 = {ϕ|ϕ ∈ C, 1 < ϕ(t) < e, for all t ∈ [−r, 0]},
then x(t; t0, ϕ) converges exponentially to x∗(t) as t →+∞.
In [14], the author considered the following generalized impulsive Nicholson’s blowflies model:x
′(t) = −α(t)x(t)+
m−
j=1
βj(t)x(t − τ)e−λj(t)x(t−τ) + h(t), t ≠ θk,
△x(θk) = x(θk + 0)− x(θk − 0) = γkx(θk)+ δk,
(4.3)
where α, βj, λj, h : R −→ R+ are almost periodic functions, τ > 0 is a constant, and
sup
t∈R
|βj(t)| < νj, sup
t∈R
|λj(t)| < ηj, βj(0) = λj(0) = 0, j = 1, 2, . . . ,m. (4.4)
Under some other additional assumptions, it was obtained that (4.3) has a globally attractive positive almost periodic
solution. Unfortunately, after a careful examination, we find that there exist some errors in the Ref. [14]. In fact, in the
argument of Theorem 7 in [14], the sets D and D∗ selected in the proof of Theorem 7 are not the closed ones, which made
the use of fixed point theorem in the non-closed set D∗ being wrong. In order to understand this fact, we give the following
example to explain it.
Example 4.2. Consider the impulsive Nicholson’s blowflies model:
x′(t) = −α(t)x(t)+ β(t)x(t − τ)e−λ(t)x(t−τ), t ≠ θk,
△x(θk) = x(θk + 0)− x(θk − 0) = γkx(θk), (4.5)
where α, β, λ : R −→ R+ are almost periodic, τ > 0 is a constant, and
α(t) ≥ µ > 0, sup
t∈R
|β(t)| < ν, sup
t∈R
|λ(t)| < η, β(0) = λ(0) = 0. (4.6)
Let γk = 0 (k = 1, 2, . . .). If
sup
t∈[0,+∞)
β(t) < ν < µ ≤ inf
t∈[0,+∞)
α(t), (4.7)
by Theorems 7 and 8 in [14], one can obtain that there exists a unique positive almost periodic exponential stable solution of
(4.5). However, from (4.6) and (4.7), by the same approach used either in the proof of [14, Theorem8], or in [21, Theorem3.1],
we can show that every positive solution of Eq. (4.5) tends to zero as t →+∞. This is a contradiction.
Remark 4.1. It is clear that the delays in Eq. (4.1) are not constants. Moreover, (4.1) does not satisfy condition (4.4).
Therefore, all the results in [14] and the references therein cannot be applicable to prove that all the solutions of (4.1)
with initial value ϕ ∈ C0 converge exponentially to the positive almost periodic solution. This implies that the results of
this paper are new and they complement previously known results.
Remark 4.2. As pointed out in [13], it is an open problem to find global stability conditions for the positive periodic solution
of Eq. (1.2) in terms of its coefficients. Also, it is difficult to establish the criteria ensuring global exponential stability of the
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positive almost periodic solution for Eq. (1.2). Whether or not our results and method in this paper are available for this
case, it is an interesting problem and we leave it as our work in the future.
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